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Abstract
Given a graph G and integers p, q, d1 and d2, with p > q , d2 > d1 > 1, an L(d1, d2; p, q)-labeling of G is a function
f : V (G) → {0, 1, 2, . . . , n} such that | f (u) − f (v)| > p if dG(u, v) 6 d1 and | f (u) − f (v)| > q if dG(u, v) 6 d2. A
k-L(d1, d2; p, q)-labeling is an L(d1, d2; p, q)-labeling f such that maxv∈V (G) f (v) 6 k. The L(d1, d2; p, q)-labeling number
of G, denoted by λp,qd1,d2(G), is the smallest number k such that G has a k-L(d1, d2; p, q)-labeling. In this paper, we give upper
bounds and lower bounds of the L(d1, d2; p, q)-labeling number for general graphs and some special graphs. We also discuss the
L(d1, d2; p, q)-labeling number of G, when G is a path, a power of a path, or Cartesian product of two paths.
c© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Motivated by the channel-assignment problem introduced by Hale [6], Griggs and Yeh [5] first considered and
studied the distance-two labeling problem. Given a graph G with vertex set V (G) and edge set E(G), an L(2, 1)-
labeling of G is a function f : V (G) → {0, 1, 2, . . . , n} such that | f (u) − f (v)| ≥ 2 if uv ∈ E(G) and
| f (u) − f (v)| ≥ 1 if dG(u, v) = 2. A k-L(2, 1)-labeling is an L(2, 1)-labeling such that no label is greater than
k. The L(2, 1)-labeling number of G, denoted by λ(G), is the smallest number k such that G has a k-L(2, 1)-labeling.
The L(2, 1)-labeling problem has been studied extensively over the past decade. Griggs and Yeh [5] showed that the
problem is NP-complete for general graphs. Chang and Kuo [2] gave a polynomial time algorithm for the problem in
trees and found an upper bound for general graphs in terms of maximum degree. Georges, Mauro, and Whittlesey [4]
considered the relation between λ(G) and the path covering number of Gc, and derived a formula for the λ-number
of the Cartesian product of paths.
Given a graph G and two positive integers p, q , p ≥ q, a labeling f : V (G) → {0, 1, 2, . . . , n} that satisfies
| f (u) − f (v)| ≥ p if uv ∈ E(G) and | f (u) − f (v)| ≥ q if dG(u, v) = 2 is called an L(p, q)- labeling of G. The
k-L(p, q)-labeling, L(p, q)-labeling number λp,q(G) of G are defined similarly as in the L(2, 1)-labeling problem.
Georges and Mauro [3] first studied this generalized problem and gave the value of λp,q(G) where G is a cycle or a
Cartesian product of paths where at most one of the paths is P2.
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In this paper, we consider a generalization of the L(p, q)-labeling problem, which we call the L(d1, d2; p, q)-
labeling problem. Given a graphG and integers d1, d2, p, q, with d2 > d1 ≥ 1, p > q ≥ 1, an L(d1, d2; p, q)-labeling
of G is a function f : V (G)→ {0, 1, 2, . . . , n} such that | f (u)− f (v)| ≥ p if dG(u, v) ≤ d1 and | f (u)− f (v)| ≥ q
if dG(u, v) ≤ d2. A k-L(d1, d2; p, q)-labeling is an L(d1, d2; p, q)-labeling f such that maxv∈V (G) f (v) ≤ k. If
f is an L(d1, d2; p, q)-labeling of G, we define the L(d1, d2; p, q)-labeling number of G with respect to f by
f λ
p,q
d1,d2
(G) = maxv∈V (G) f (v). The L(d1, d2; p, q)-labeling number of G, denoted by λp,qd1,d2(G), is the smallest
number k such that G has a k-L(d1, d2; p, q)-labeling. Clearly, this kind of generalization is closer to the original
problem proposed by Hale. We give some basic properties and discuss the upper bound and lower bound of the
L(d1, d2; p, q)-labeling number of a graph G in Section 2, and study the L(d1, d2; p, q)-labeling number of paths,
and the kth power of paths in Section 3. In Section 4, we study the L(d1, d2; p, q)-labeling number of the Cartesian
product of two paths.
2. Upper bounds and lower bounds of the L(d1, d2; p, q)-labeling number of general graphs and trees
We consider upper bounds and lower bounds of the L(d1, d2; p, q)-labeling number of general graphs and some
special graphs in this section. The following results are easy to verify.
Lemma 1. If H is a subgraph of G, then λp,qd1,d2 (H) ≤ λ
p,q
d1,d2
(G).
Lemma 2. If f is a k-L(d1, d2; p, q)-labeling of G, then the labeling g of G, defined as g(v) = k − f (v) for all
v ∈ V (G), is also a k-L(d1, d2; p, q)-labeling of G.
Lemma 3. For any graph G, λp
′,q ′
d ′1,d ′2
(G) ≤ λp,qd1,d2 (G) if (p′, q ′) = (p, q) and (d ′1, d ′2) ≤ (d1, d2) in lexicographical
order, or (d ′1, d ′2) = (d1, d2) and (p′, q ′) ≤ (p, q) in lexicographical order.
Corollary 4. For any graph G, λp,q
d1,
⌊
d2
d1
⌋
d1
(G) ≤ λp,qd1,d2 (G) ≤ λ
p,q
d1,
⌈
d2
d1
⌉
d1
(G) .
Georges and Mauro [3] proved that the L(p, q)-labeling number of any graph can be expressed as a linear
combination of the numbers p and q. The same conclusion also holds for the L(d1, d2; p, q)-labeling numbers. For
completeness, we include the proof here which is analogous to the one in [3].
Theorem 5. Given a graph G and a k-L(d1, d2; p, q)-labeling f of G, there exists a k-L(d1, d2; p, q)-labeling f ′
of G, such that { f ′(v) | v ∈ V (G)} ⊆ {mp + nq | m, n ∈ N ∪ {0}}. In particular, λp,qd1,d2 (G) = αp + βq for some
nonnegative integer α and β.
Proof. Let S = {m0,m1, . . . ,ml} = {mp + nq | m, n ∈ N ∪ {0} and mp + nq ≤ k}, where 0 ≤ m0 < m1 <
· · · < ml . For a given k-L(d1, d2; p, q)-labeling f of G, define a labeling f ′ : V (G) −→ S by f ′(u) = mi if
mi ≤ f (u) < mi+1. To prove this theorem, we only need to show that f ′ is a k-L(d1, d2; p, q)-labeling of G.
Let u, v ∈ V (G) and mi ≤ f (u) < mi+1, m j ≤ f (v) < m j+1. Without loss of generality, we may assume that
f (v) ≥ f (u). When d(u, v) ≤ d1, if m j − mi < p, since mi + p equals to some ma with ma = mi + p > m j , we
havem j+1 ≤ ma = mi+ p ≤ f (u)+ p ≤ f (v). But this is impossible since f (v) < m j+1, thusm j−mi ≥ p, which
implies f ′(v) − f ′(u) ≥ p. When d(u, v) ≤ d2, a similar argument as above also shows that | f ′(v) − f ′(u)| ≥ q.
By the definition of f ′, max{ f ′(v) | v ∈ V (G)} ≤ max{ f (v) | v ∈ V (G)} ≤ k, therefore, f ′ is a k-L(d1, d2; p, q)-
labeling of G. 
For any fixed positive integer k, a k-stable set of a graph G is a subset S of V (G) such that every two distinct
vertices in S are of distance greater than k. Chang and Kuo [2] gave an upper bound of λ(G) in terms of the maximum
degree∆ of G. Chang et al. [1] then extended this result and gave an upper bound of λd,1(G) in terms of the maximum
degree ∆ of G. Using the same idea, we also have
Theorem 6. If G is a graph with maximum degree ∆, then
λ
p,q
d1,d2
(G) ≤
p∆
[
(∆− 1)d1 − 1
∆− 2
]
+ q∆
[
(∆− 1)d2 − (∆− 1)d1
∆− 2
]
, if ∆ ≥ 3;
2d1 p + 2(d2 − d1)q, if ∆ = 2.
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Proof. Consider the following labeling scheme on V (G). Initially, all vertices are unlabeled. Let S−p+1 = S−p+2 =
S−p+3 = · · · = S−1 = ∅. When Si−p+1, Si−p+2, Si−p+3, . . . , Si−1 are determined and not all vertices in G are
labeled, let
Fi = {x ∈ V (G) | x is unlabeled and d(x, y) ≥ d1 + 1, for all y ∈ ∪i−1j=i−p+1 S j },
Ei = {x ∈ V (G) | x ∈ Fi and d(x, y) ≥ d2 + 1, for all y ∈ ∪i−1j=i−q+1 S j }.
Note that when ∪i−1j=i−p+1 S j = ∅, Fi = {x ∈ V (G) | x is unlabeled}. And when ∪i−1j=i−q+1 S j = ∅, Ei = Fi . Choose
a maximal d2-stable subset Si of Ei . (i.e., Si is a d2-stable subset of Ei , but Si is not a proper subset of any d2-stable
subset of Ei .) In the case Ei = ∅, we have Si = ∅. Label all vertices in Si by i , and continue this process until all
vertices are labeled. Assume k is the maximum label used and choose a vertex x whose label is k. Let
I1 = {i | 0 ≤ i ≤ k − 1 and d(x, y) ≤ d1 for some y ∈ Si },
I2 = {i | 0 ≤ i ≤ k − 1 and d(x, y) ≤ d2 for some y ∈ Si },
I3 = {i | 0 ≤ i ≤ k − 1 and d(x, y) ≥ d2 + 1 for all y ∈ Si }.
It is clear that |I2| + |I3| = k. Since the total number of vertices y with 1 ≤ d(x, y) ≤ d is at most
deg(x)+
∑
{deg(y)− 1 | d(x, y) = 1} +
∑
{deg(y)− 1 | d(x, y) = 2}
+ · · · +
∑
{deg(y)− 1 | d(x, y) = d − 1}
≤ ∆+∆(∆− 1)+∆(∆− 1)2 +∆(∆− 1)3 + · · · +∆(∆− 1)d−1.
When ∆ ≥ 3, |I2| ≤ ∆[ (∆−1)d2−1∆−2 ], |I1| ≤ ∆[ (∆−1)
d1−1
∆−2 ], and when ∆ = 2, |I2| ≤ 2d2, |I1| ≤ 2d1.
For any i ∈ I3, x 6∈ Ei (otherwise, Si ∪ {x} is a d2-stable subset of Ei , which contradicts the choice of Si ). That is,
d1 + 1 ≤ d(x, y) ≤ d2 for some vertex y in ∪i−1j=i−q+1 S j , or d(x, y) ≤ d1 for some vertex y in ∪i−1j=i−p+1 S j (i.e.,
there exists j with i − q + 1 ≤ j ≤ i − 1 such that j ∈ I2 but j 6∈ I1, or there exists j with i − p + 1 ≤ j ≤ i − 1
such that j ∈ I1.). So, |I3| ≤ (q − 1)(|I2| − |I1|)+ (p − 1)|I1| = (q − 1)|I2| + (p − q)|I1|. Then
λ
p,q
d1,d2
(G) ≤ k = |I2| + |I3|
≤ |I2| + (q − 1)|I2| + (p − q)|I1|
= q|I2| + (p − q)|I1|.
Therefore, λp,qd1,d2(G) ≤ p∆[ (∆−1)
d1−1
∆−2 ]+ q∆[ (∆−1)
d2−(∆−1)d1
∆−2 ], when∆ ≥ 3, and λp,qd1,d2(G) ≤ 2d1 p+ 2(d2− d1)q,
when ∆ = 2. 
Lemma 7. Let v be a vertex in G with the property that for all u, w ∈ V (G), u 6= v, w 6= v and u 6= w,
dG−v(u, w) = dG(u, w), and let k = (2p− 1) deg(v)[ (∆−1)d1−1∆−2 ] + (2q − 1) deg(v)[ (∆−1)
d2−(∆−1)d1
∆−2 ]. If G − v has
a k-L(d1, d2; p, q)-labeling, then G has a k-L(d1, d2; p, q)-labeling.
Proof. Define Sd = {x ∈ V (G) | d(x, v) ≤ d} for all d ≥ 1. Clearly, |Sd | ≤ deg(v)[ (∆−1)d−1∆−2 ]. Let f ′ be a k-
L(d1, d2; p, q)-labeling of G − v, A = (⋃vi∈Sd1 [ f ′(vi ) − p + 1, f ′(vi ) + p − 1])⋃(⋃vi∈(Sd2\Sd1 )[ f ′(vi ) − q +
1, f ′(vi ) + q − 1]) (where [a, b] = {m ∈ Z | a ≤ m ≤ b}). Since |⋃vi∈Sd1 [ f ′(vi ) − p + 1, f ′(vi ) + p − 1]| ≤
(2p − 1)|Sd1 | and |
⋃
vi∈
(
Sd2\Sd1
)[ f ′(vi ) − q + 1, f ′(vi ) + q − 1]| ≤ (2q − 1)|Sd2 \ Sd1 |, we have |A| ≤ k. Hence
B = [0, k] \ A 6= ∅. Let l = min{i | i ∈ B}. Define a labeling f of G as
f (u) =
{
f ′(u), if u ∈ V (G − v);
l, if u = v.
Then, clearly, f is a k-L(d1, d2; p, q)-labeling of G by the definition of A and B. 
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From the proof of Lemma 7, we see that if λ(G − v) = m ≥ k = (2p − 1) deg(v)[ (∆−1)d1−1∆−2 ] + (2q −
1) deg(v)[ (∆−1)d2−(∆−1)d1∆−2 ], and f ′ is an m-L(d1, d2; p, q)-labeling of G − v, then f ′ can be extended to an m-
L(d1, d2; p, q)-labeling of G. Hence we have
Corollary 8. Let v be a vertex in G with the property that for all u, w ∈ V (G), u 6= v, w 6= v and u 6= w,
dG−v(u, w) = dG(u, w), and let k = (2p − 1) deg(v)[ (∆−1)d1−1∆−2 ] + (2q − 1) deg(v)[ (∆−1)
d2−(∆−1)d1
∆−2 ]. If
λ
p,q
d1,d2
(G − v) ≥ k, then λp,qd1,d2(G) = λ
p,q
d1,d2
(G − v).
Theorem 9. Let T be a tree with maximum degree ∆ ≥ 3. Then λp,qd1,d2(T ) ≤ (2p − 1)[ (∆−1)
d1−1
∆−2 ] + (2q −
1)[ (∆−1)d2−(∆−1)d1∆−2 ].
Proof. We prove this by induction on |V (T )|. The conclusion is clearly true when |V (T )| = 4. Suppose it holds for all
T with |V (T )| ≤ m−1. When |V (T )| = m, choose a leaf v ∈ V (T ) and let T ′ = T −v. Then, since ∣∣V (T ′)∣∣ = m−1
and ∆(T ′) ≤ ∆, by the induction hypothesis, T ′ has a k-L(d1, d2; p, q)-labeling where k = (2p − 1)[ (∆−1)d1−1∆−2 ] +
(2q−1)[ (∆−1)d2−(∆−1)d1∆−2 ]. Thus, by Lemma 7, λp,qd1,d2(T ) ≤ (2p−1)[ (∆−1)
d1−1
∆−2 ]+ (2q−1)[ (∆−1)
d2−(∆−1)d1
∆−2 ]. 
Given a graph G, the kth-power of G, denoted by Gk , is a graph with vertex set V (Gk) = V (G) and edge set
E(Gk) = {uv | 1 ≤ d(u, v) ≤ k in G}. When k is a common divisor of d1 and d2, there is a natural relation between
λ
p,q
d1,d2
(G) and λp,qd1
k ,
d2
k
(Gk).
Lemma 10. If d1 = kd ′1 and d2 = kd ′2, then λp,qd1,d2(G) = λ
p,q
d ′1,d ′2
(Gk).
Proof. By the definition of Gk , for all u, v ∈ V (G), dG(u, v) ≤ d1 if and only if dGk (u, v) ≤ d ′1, and dG(u, v) ≤ d2
if and only if dGk (u, v) ≤ d ′2. Hence, every L(d1, d2; p, q)-labeling of G is also an L(d ′1, d ′2; p, q)-labeling of Gk ,
and vice versa. Thus λp,qd1,d2(G) = λ
p,q
d ′1,d ′2
(Gk). 
Corollary 11. For any graph G and any positive integer k, λp,q⌊ d1
k
⌋
,
⌊
d2
k
⌋(Gk) ≤ λp,qd1,d2(G) ≤ λp,q⌈ d1
k
⌉
,
⌈
d2
k
⌉(Gk).
For a graph G, we define a d-set of G to be a set S ⊆ V (G) that satisfies d(u, v) ≤ d for all u, v ∈ S, and
nd(G) = maxS is a d-set of G |S|. It is easy to see that nd(G) = w(Gd). From this definition, we have
Theorem 12. λp,qd1,d2(G) ≥ max
{[
nd1(G)− 1
]
p,
[
nd2(G)− 1
]
q
}
.
A full m-ary tree T of height h is a tree with vertex set V (T ) = ⋃hi=0 Vi , where Vi = {vi, j | 1 ≤ j ≤ mi }, and
edge set E(T ) = {vi, jvi+1,k | 0 ≤ i ≤ h − 1, 1 ≤ j ≤ mi , ( j − 1)m + 1 ≤ k ≤ jm}. By Theorem 12 and simple
calculation, we have
Corollary 13. For a full m-nary tree T with diam(T ) ≥ 2
⌈
d2
2
⌉
+ 1. λp,qd1,d2(T ) ≥ max{[m
⌊
d1
2
⌋
+1−1
m−1 +
(d1 mod 2)m
⌊
d1
2
⌋
− 1]p, [m
⌊
d2
2
⌋
+1−1
m−1 + (d2 mod 2)m
⌊
d2
2
⌋
− 1]q}.
3. The L(d1, d2; p, q)-labeling numbers of paths and their powers
We consider the L(d1, d2; p, q)-labeling numbers of paths and the kth power of paths in this section. For
convenience, when considering the path Pn , we always assume that V (Pn) = {vi | 1 ≤ i ≤ n}, E(Pn) = {vivi+1 |
1 ≤ i ≤ n − 1}. And, in order to simplify the notation, we let k =
⌊
d2
d1+1
⌋
in the rest of this section. Recall that if
f is an L(d1, d2; p, q)-labeling of G, then the L(d1, d2; p, q)-labeling number of G with respect to f , denoted by
f λ
p,q
d1,d2
(G), is defined by f λ
p,q
d1,d2
(G) = maxv∈V (G) f (v).
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Theorem 14. If p ≥ (k + 1)q, then
λ
p,q
d1,d2
(Pn) =

(n − 1)p, if 1 ≤ n ≤ d1 + 1;
d1 p +
⌊
n − 1
d1 + 1
⌋
q, if d1 + 2 ≤ n ≤ a(d1 + 1);
d1 p +min{p, (d1 + k)q}, if n ≥ a(d1 + 1)+ 1,
where a = min{
⌈
p
q
⌉
, d1 + k}.
Proof. Clearly, if 1 ≤ n ≤ d1+1, then λp,qd1,d2(Pn) = (n−1)p. When d1+2 ≤ n ≤ a(d1+1), define a labeling of Pn as
f (vi ) = [(−i) mod (d1+1)]p+
⌊
i−1
d1+1
⌋
q for all i , 1 ≤ i ≤ n. It is easy to check that f is an L(d1, d2; p, q)-labeling
of Pn . Hence λ
p,q
d1,d2
(Pn) ≤ f λp,qd1,d2(Pn) = d1 p +
⌊
n−1
d1+1
⌋
q for all n, d1 + 2 ≤ n ≤ a(d1 + 1).
When n ≥ a(d1 + 1)+ 1, if a = d1 + k, define a labeling f of Pn as
f (vi ) =
[(i − 1) mod (d1 + 1)](p + q)+
⌊
i − 1
d1 + 1
⌋
q, if 1 ≤ i ≤ (d1 + 1)(k + 1);
f (v[(i−1) mod (d1+1)(k+1)]+1), if i ≥ (d1 + 1)(k + 1)+ 1.
And, if a =
⌈
p
q
⌉
< d1 + k, define a labeling f of Pn as
f (vi ) =

(i − 1)p, if 1 ≤ i ≤ d1 + 2;
[(i − 2) mod (d1 + 1)]p +
(
k −
⌊
i − 2
d1 + 1
⌋
+ 1
)
q, if d1 + 3 ≤ i ≤ (d1 + 1)(k + 1)+ 1;
f (v(i−1) mod [(d1+1)(k+1)+1]+1), if i ≥ (d1 + 1)(k + 1)+ 2.
It is easy to verify that for both of these two cases, f is an L(d1, d2; p, q)-labeling of Pn . In the former case,
f λ
p,q
d1,d2
(Pn) ≤ d1 p + (d1 + k)q . In the latter case, f λp,qd1,d2(Pn) ≤ (d1 + 1)p, since p ≥ (k + 1)q. Therefore,
λ
p,q
d1,d2
(Pn) ≤ d1 p +min{p, (d1 + k)q} for all n ≥ a(d1 + 1)+ 1.
To prove the lower bound, we use induction on d1. When d1 = 1, a = k + 1. Let f be an optimal L(d1, d2; p, q)-
labeling of Pn . For all i with 1 ≤ i ≤ n, we may assume that either f (vi ) ∈ [0, p − 1] or f (vi ) ∈ [p, 2p − 1],
since otherwise, λp,qd1,d2(Pn) = f λ
p,q
d1,d2
(Pn) ≥ 2p ≥ p + (k + 1)q (note that when 3 ≤ n ≤ 2(k + 1),
p + (k + 1)q > p +
⌊
n−1
2
⌋
q). By Lemma 2, we may further assume that f (v1) ∈ [0, p − 1]. In this case, since f is
an L(d1, d2; p, q)-labeling of Pn , f (vi ) ∈ [0, p − 1] for all i with 1 ≤ i ≤ n, i is odd, and f (vi ) ∈ [p, 2p − 1] for
all i with 1 ≤ i ≤ n, i is even.
Now, if n ≤ 2k + 2, then for all i, j with i, j ∈ S = {2b | 1 ≤ b ≤
⌊
n−1
2
⌋
}, | f (vi ) − f (v j )| ≥ q, since
d(vi , v j ) ≤ d2, furthermore, for all i ∈ S, f (vi ) ≥ p + q, since deg(vi ) ≥ 2. Thus maxi∈S{ f (vi )} ≥ p +
⌊
n−1
2
⌋
q.
If n = 2k + 3, then for all i, j with i, j ∈ S′ = {2b | 1 ≤ b ≤ k + 1}, we also have | f (vi ) − f (v j )| ≥ q and
f (vi ) ≥ p + q for all i ∈ S′. Thus maxi∈S′{ f (vi )} ≥ p + (k + 1)q. Hence, by Lemma 1, λp,q1,d2(Pn) = p +
⌊
n−1
2
⌋
q
when d1 + 2 ≤ n ≤ 2k + 2, and by Lemma 1, λp,q1,d2(Pn) = p + (k + 1)q when n ≥ 2k + 3.
Suppose the conclusion holds for all d1 with d1 ≤ t − 1. When d1 = t and d1 + 2 ≤ n ≤ a(d1 + 1), let f be an
optimal L(d1, d2; p, q)-labeling of Pn . We may assume that for all i with 1 ≤ i ≤ n, f (vi ) ∈ [ j p, ( j + 1)p − 1],
where 0 ≤ j ≤ d1, for otherwise, λp,qd1,d2(Pn) = f λ
p,q
d1,d2
(Pn) ≥ (d1 + 1)p > d1 p + (a − 1)q ≥ d1 p +
⌊
n−1
d1+1
⌋
q,
because a ≤
⌈
p
q
⌉
and
⌊
n−1
d1+1
⌋
≤ a− 1. Since | f (vi )− f (v j )| ≥ p for all i, j with d(vi , v j ) ≤ d1, f (vi ) satisfies the
following two conditions.
(C1) If m(d1 + 1)+ 1 ≤ i, j ≤ (m + 1)(d1 + 1) and f (vi ) ∈ [sp, (s + 1)p − 1], f (v j ) ∈ [tp, (t + 1)p − 1], where
0 ≤ s, t ≤ d1, then s 6= t .
(C2) If |i − j | = d1 + 1 and f (vi ) ∈ [sp, (s + 1)p − 1], then f (v j ) ∈ [sp, (s + 1)p − 1].
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Now, let b be the number that satisfies 1 ≤ b ≤ d1 + 1 and f (vb) ∈ [0, p − 1]. By Lemma 2, we may assume that
b ≥ 2. Let n′ = n−
⌊
n−b
d1+1
⌋
− 1. Define a labeling f ′ of Pn′ as f ′(vi ) = f (vi+⌊ i−bd1 ⌋+1)− p for all i with 1 ≤ i ≤ n′.
There are two cases:
Case 1. d2 = (d1 + 1)k + r , r ≥ 1.
In this case, f ′ is an L(d ′1, d ′2; p, q)-labeling of Pn′ , where d ′1 = d1−1, d ′2 = (d1+1)k+r−(k+1) = d1k+r−1.
Let k′ =
⌊
d ′2
d ′1+1
⌋
, since r ≥ 1, k′ =
⌊
d ′2
d ′1+1
⌋
=
⌊
d1k+r−1
d1
⌋
= k.
Case 2. d2 = (d1 + 1)k.
In this case, f ′ is an L(d ′1, d ′2; p, q)-labeling of Pn′ , where d ′1 = d1−1, d ′2 = (d1+1)k−k = d1k. Let k′ =
⌊
d ′2
d ′1+1
⌋
,
then k′ =
⌊
d ′2
d ′1+1
⌋
=
⌊
d1k
d1
⌋
= k.
Hence, in either case, p ≥ (k′+1)q . Since d1+2 ≤ n ≤ a(d1+1), d ′1+2 = d1+1 ≤ n′ = n−
⌊
n−b
d1+1
⌋
−1. Note
that f (n) = n−
⌊
n−b
d1+1
⌋
−1 is a non-decreasing function of n. Let a′ = min{
⌈
p
q
⌉
, d ′1+k′}. If a = d1+k ≤
⌈
p
q
⌉
and
n ≤ (a− 1)(d1+ 1), we have a′ = a− 1 and n′ = n−
⌊
n−b
d1+1
⌋
− 1 ≤ (a− 1)(d1+ 1)− (a− 2)− 1 = a′(d ′1+ 1). If
a′ = a =
⌈
p
q
⌉
< d1+k and n ≤ a(d1+1), we have n′ = n−
⌊
n−b
d1+1
⌋
−1 ≤ a(d1+1)−(a−1)−1 = ad1 = a′(d ′1+1).
For both of these two cases, by the induction hypothesis, we have f ′λ
p,q
d ′1,d ′2
(Pn′) ≥ d ′1 p +
⌊
n′−1
d ′1+1
⌋
q. If we let⌊
n−1
d1+1
⌋
= l, then l(d1 + 1) ≤ n − 1 ≤ (l + 1)(d1 + 1) − 1. When l(d1 + 1) + b ≤ n ≤ (l + 1)(d1 + 1) − 1,⌊
n−b
d1+1
⌋
= l, and so
⌊
n′−1
d ′1+1
⌋
=
⌊
n−l−2
d1
⌋
≥
⌊
ld1+b−2
d1
⌋
= l. When l(d1 + 1) + 1 ≤ n ≤ l(d1 + 1) + b − 1,⌊
n−b
d1+1
⌋
= l − 1, and so
⌊
n′−1
d ′1+1
⌋
=
⌊
n−l−1
d1
⌋
≥
⌊
ld1
d1
⌋
= l. Hence λp,qd1,d2(Pn)= f λ
p,q
d1,d2
(Pn)≥ f ′ λp,qd ′1,d ′2(Pn′) + p ≥
d ′1 p +
⌊
n′−1
d ′1+1
⌋
q + p ≥ d1 p +
⌊
n−1
d1+1
⌋
q .
Now, for the case that a = d1 + k ≤
⌈
p
q
⌉
and (a − 1)(d1 + 1) + 1 ≤ n ≤ a(d1 + 1), we have a′ = a − 1 and
n′ = n−
⌊
n−b
d1+1
⌋
−1 ≥ (a−1)(d1+1)+1−(a−2)−1 = (a−1)d1+1 = a′(d ′1+1)+1. By the induction hypothesis,
λ
p,q
d ′1,d ′2
(Pn′) = d ′1 p + (d ′1 + k′)q. Hence λp,qd1,d2(Pn) = f λ
p,q
d1,d2
(Pn)≥ f ′ λp,qd ′1,d ′2(Pn′) + p = d
′
1 p + (d ′1 + k′)q + p =
d1 p+ (d1 + k − 1)q = d1 p+
⌊
n−1
d1+1
⌋
q . Thus, from all the arguments above, we have λp,qd1,d2(Pn) = d1 p+
⌊
n−1
d1+1
⌋
q
for all n with d1 + 2 ≤ n ≤ a(d1 + 1).
Finally, when d1 = t and n = a(d1 + 1) + 1, let f be an optimal L(d1, d2; p, q)-labeling of Pn . We may
assume that for all i with 1 ≤ i ≤ n, f (vi ) ∈ [ j p, ( j + 1)p − 1], where 0 ≤ j ≤ d1, for otherwise,
λ
p,q
d1,d2
(Pn) ≥ f λp,qd1,d2(Pn) ≥ (d1 + 1)p ≥ d1 p + min{p, (d1 + k)q}. Thus, by a similar argument as we showed
in the case d1+ 2 ≤ n ≤ a(d1+ 1), for all i , 1 ≤ i ≤ n, f (vi ) satisfies conditions (C1) and (C2), and we may assume
that f (vb) ∈ [0, p − 1] for some b that satisfies 2 ≤ b ≤ d1 + 1.
Claim. Let f1 = λp,qd1,d2(Pn) − f. If f (vc) ∈ [p, 2p − 1], f1(vc1) ∈ [p, 2p − 1], f1(vb1) ∈ [0, p − 1], and
1 ≤ c, b1, c1 ≤ d1 + 1, then either f (vn) ≥ p + q, or b1 ≥ 2 and f1(vn) ≥ p + q.
Proof of the Claim. Without loss of generality, we may assume that f (v1) ≤ f (vn). Clearly, if c ≥ 2, then
f (vn) ≥ p + q . If c = 1, then b1 ≥ 2 since d1 ≥ 2. In this case, if c1 ≥ 2, then f1(vn) ≥ p + q. Hence we only
need to consider the case that c1 = c2 = 1. Since d1 ≥ 2, we must have d1 = 2 in this case. Thus b = 3 or b1 = 3.
Without loss of generality, we assume that b = 3. Now, if d2 ≥ 4, then f (vn) ≥ p + q since f (vn−1) ∈ [0, p − 1],
f (vn−4) ∈ [0, p − 1], and one of f (vn−1), f (vn−4) is greater than q. If d2 = 3 and p = 2q, then n = 7. In this case,
since one of f (v3), f (v6) is greater than q and f (v7) ≥ f (v1), we have f (v7) ≥ p + q. If d2 = 3 and p > 2q,
then n = 10. Since λp,q2,3 (P9) = 2p +
⌊
8
3
⌋
q = 2p + 2q, λp,q2,3 (P10) ≥ 2p + 2q. Therefore, either f (v10) ≥ p + q or
f1(v10) ≥ p + q.
By the Claim, if f (vc) ∈ [p, 2p−1] for some c < b, then we may assume that for all i with i ≥ b, i 6= b+r(d1+1),
f (vi ) ≥ p + q (by condition (C2), if b ≤ i ≤ n − 1 and f (vi ) ∈ [p, 2p − 1], then i = c + s(d1 + 1) for some
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s ≥ 1. In this case, f (vb+(s−1)(d1+1)) ∈ [0, p − 1] and f (vb+s(d1+1)) ∈ [0, p − 1]. Since one of f (vb+(s−1)(d1+1)),
f (vb+s(d1+1)) is greater or equal to q , we must have f (vi ) ≥ p+q). In this case, let n′ = n−(b−1)−
⌊
n−b
d1+1
⌋
−1 and
define a labeling f ′ of Pn′ as f ′(vi ) = f (vi+b+⌊ i−1d1 ⌋)− p−q for all i with 1 ≤ i ≤ n′. If f (vc) ∈ [p, 2p−1] for some
b+ 1 ≤ c ≤ d1 + 1, then for all i with 1 ≤ i ≤
⌊
n−b
d1+1
⌋
(d1 + 1)+ b, i 6= b+ r(d1 + 1), f (vi ) ≥ p+ q . In this case,
let n′ = n − (d1 + 2 − b) −
⌊
n−b
d1+1
⌋
− 1 and define a labeling f ′ of Pn′ as f ′(vi ) = f (vi+⌊ i−bd1 ⌋+1) − p − q
for all i with 1 ≤ i ≤ n′. Use a similar arguments as we did in the case that d1 + 2 ≤ n ≤ a(d1 + 1), we
can also prove that when d2 = (d1 + 1)k + r for some r ≥ 1, f ′ is an L(d ′1, d ′2; p, q)-labeling of Pn′ , where
d ′1 = d1 − 1, d ′2 = d1k + r − 1. And when d2 = (d1 + 1)k, f ′ is an L(d ′1, d ′2; p, q)-labeling of Pn′ , where
d ′1 = d1 − 1 and d ′2 = d1k. For both of these two cases, k′ =
⌊
d ′2
d ′1+1
⌋
= k, thus p ≥ (k + 1)q = (k′ + 1)q.
Note that n′ ≥ min{n−b−
⌊
n−b
d1+1
⌋
, n+b−d1−3−
⌊
n−b
d1+1
⌋
} ≥ a(d1+1)+1− (d1+1)− (a−1) = (a−1)d1+1.
Let a′ = min{
⌈
p
q
⌉
, d ′1+ k′}. If a = d1+ k ≤
⌈
p
q
⌉
, a′ = a− 1, so n′ ≥ (a− 1)d1+ 1 ≥ a′(d ′1+ 1)+ 1. Note that
in this case,
⌈
p
q
⌉
≥ d1 + k ≥ d ′1 + k′. Thus, by the induction hypothesis, λp,qd1,d2(Pn)= f λ
p,q
d1,d2
(Pn)≥ f ′ λp,qd ′1,d ′2(Pn′)+
p + q ≥ d ′1 p + (d ′1 + k′)q + p + q = d1 p + (d1 + k)q in this case. If a =
⌈
p
q
⌉
< d1 + k, a′ = a, so
n′ ≥ (a−1)d1+1 = (a′−1)(d ′1+1)+1 ≥ d ′1+2. Clearly, n′ ≤ ad1 = a′(d ′1+1). Thus, by the induction hypothesis,
λ
p,q
d1,d2
(Pn) = f λp,qd1,d2(Pn)≥ f ′ λ
p,q
d ′1,d ′2
(Pn′) + p + q ≥ d ′1 p +
⌊
n′−1
d ′1+1
⌋
q + p + q ≥ d1 p + aq ≥ (d1 + 1)p. Hence
λ
p,q
d1,d2
(Pn) = d1 p+min{p, (d1+k)q}when n = a(d1+1)+1. By Lemma 1, λp,qd1,d2(Pn) = d1 p+min{p, (d1+k)q} for
all n ≥ a(d1 + 1)+ 1. 
Theorem 15. When kq < p < (k + 1)q, let d2 = (d1 + 1)k + r , where 0 ≤ r ≤ d1 and r = ak + b, where
0 ≤ b ≤ k − 1. Then λp,qd1,d2(Pn) ≤ min{d1 p+ (d1 + k)q, (d1 + 1+ a)p+ bq, (d1 + 1)(k + 1)q}, for all n ≥ d2 + 1.
Proof. Define the labeling f1, f2, f3 of Pn as
f1(vi ) =
[(i − 1) mod (d1 + 1)](p + q)+
⌊
i − 1
d1 + 1
⌋
q, if 1 ≤ i ≤ (d1 + 1)(k + 1);
f1(v[(i−1) mod (d1+1)(k+1)]+1), if i ≥ (d1 + 1)(k + 1)+ 1.
f2(vi ) =

[(i − 1) mod (d1 + 1+ a)]p +
(
k − 1−
⌊
i − 1
d1 + 1+ a
⌋)
q,
if 1 ≤ i ≤ (d1 + 1+ a)(k − b − 1);
{[i − (d1 + 1+ a)(k − b − 1)− 1] mod (d1 + 2+ a)}p
−
⌊
i − (d1 + 1+ a)(k − b − 1)− 1
d1 + 2+ a
⌋
q + bq, if (d1 + 1+ a)(k − b − 1)+ 1 ≤ i ≤ d2 + 1;
f2(v[(i−1) mod (d2+1)]+1), if i ≥ d2 + 2.
f3(vi ) =

[(i − 1) mod (d1 + 1)+ 1](k + 1)q −
⌈
i
d1 + 1
⌉
q, if 1 ≤ i ≤ (d1 + 1)k;
[i − (d1 + 1)k − 1](k + 1)q, if (d1 + 1)k + 1 ≤ i ≤ (d1 + 1)(k + 1)+ 1;
f3(v{(i−1) mod [(d1+1)(k+1)+1]+1}), if i ≥ (d1 + 1)(k + 1)+ 2.
Since p > kq, it is easy to verify that all of the fi , 1 ≤ i ≤ 3, are L(d1, d2; p, q)-labeling of Pn . Note that
max1≤i≤n{ f1(vi )} ≤ d1 p+(d1+k)q , max1≤i≤n{ f2(vi )} ≤ (d1+1+a)p+bq , max1≤i≤n{ f3(vi )} ≤ (d1+1)(k+1)q.
Hence λp,qd1,d2(Pn) ≤ min{d1 p + (d1 + k)q, (d1 + 1+ a)p + bq, (d1 + 1)(k + 1)q} for all n ≥ d2 + 1. 
Theorem 16. When p ≤ kq, let m =
⌊
p
q
⌋
, M =
⌈
p
q
⌉
.
(1) If 1 ≤ n ≤ d1 + 1, then λp,qd1,d2(Pn) = (n − 1)p.
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(2) If d1 + 2 ≤ n ≤ m(d1 + 1), then λp,qd1,d2(Pn) = d1 p +
⌊
n−1
d1+1
⌋
q.
(3) If n ≥ M(d1 + 1)+ 1, then λp,qd1,d2(Pn) = lq, where l = min{n − 1, d2}.
Proof. Clearly, when 1 ≤ n ≤ d1 + 1, then λp,qd1,d2(Pn) = (n − 1)p. When d1 + 2 ≤ n ≤ m(d1 + 1), we have
n−1 ≤ m(d1+1)−1 =
⌊
p
q
⌋
(d1+1)−1 ≤ k(d1+1)−1 ≤ d2−1. Therefore, λp,qd1,d2(Pn) = λ
p,q
d1,n−1(Pn). However,
in this case, (
⌊
n−1
d1+1
⌋
+ 1)q ≤ mq ≤ p, n ≤
⌈
p
q
⌉
(d1 + 1) and n ≤ (1+
⌊
n−1
d1+1
⌋
)(d1 + 1) ≤ (d1 +
⌊
n−1
d1+1
⌋
)(d1 + 1).
Hence by Theorem 14, λp,qd1,d2(Pn) = λ
p,q
d1,n−1(Pn) = d1 p +
⌊
n−1
d1+1
⌋
q when d1 + 2 ≤ n ≤ m(d1 + 1).
When n ≥ M(d1 + 1) + 1, note that M(d1 + 1) + 1 =
⌈
p
q
⌉
(d1 + 1) + 1 ≤ d2 + 1, since k ≥
⌈
p
q
⌉
. Let
l = min{n − 1, d2}, and write l = cM + r , where 0 ≤ r < M . If M(d1 + 1)+ 1 ≤ n ≤ d2, define a labeling f of Pn
by
f (vi ) =

0, if i = 1;{
[(i − 2) mod c + 1]M −
⌊
i − 2
c
⌋}
q, if 2 ≤ i ≤ (M − r)c + 1;
{[i − (M − r)c − 1] mod (c + 1)}Mq −
⌊
i − (M − r)c − 2
c + 1
⌋
q + rq, if (M − r)c + 2 ≤ i ≤ n.
If n ≥ d2 + 1, define a labeling f of Pn by
f (vi ) =

{
[(i − 1) mod c + 1]M −
⌊
i − 1
c
⌋}
q, if 1 ≤ i ≤ (M − r)c;
{[i − (M − r)c − 1] mod (c + 1)+ 1}Mq −
⌊
i − (M − r)c − 1
c + 1
⌋
q − (M − r)q,
if (M − r)c + 1 ≤ i ≤ d2 + 1;
f (v[(i−1) mod (d2+1)]+1), if i ≥ d2 + 2.
Then, for both of these two cases, since r < M =
⌈
p
q
⌉
≤ k, it is easy to check that f is an L(d1, d2; p, q)-labeling
of Pn , and moreover, max1≤i≤n{ f (vi )} = lq. Hence λp,qd1,d2(Pn) ≤ f λ
p,q
d1,d2
(Pn) = lq. Since l = min{n − 1, d2},
λ
p,q
d1,d2
(Pn) ≥ lq. Therefore, λp,qd1,d2(Pn) = lq for all n ≥ M(d1 + 1)+ 1. 
Combining Lemma 10, Theorems 14–16, we have
Theorem 17. If p ≥ (k + 1)q, then
λ
p,q
d1,d2
(Prn ) =

(n − 1)p, if 1 ≤ n ≤ rd1 + 1;
rd1 p +
⌊
n − 1
rd1 + 1
⌋
q, if rd1 + 2 ≤ n ≤ n′;
rd1 p +min{p, (rd1 + k)q}, if n ≥ n′ + 1,
where n′ = min{
⌈
p
q
⌉
, rd1 + k}(rd1 + 1).
Theorem 18. When kq < p < (k + 1)q, let rd2 = (rd1 + 1)k + s, where 0 ≤ s ≤ rd1, and let s = ak + b,
where 0 ≤ b ≤ k − 1. Then λp,qd1,d2(Prn ) ≤ min{rd1 p + (rd1 + k)q, (rd1 + 1+ a)p + bq, (rd1 + 1)(k + 1)q}, for all
n ≥ rd2 + 1.
Theorem 19. When p ≤ kq, let m =
⌊
p
q
⌋
, M =
⌈
p
q
⌉
.
(1) If 1 ≤ n ≤ rd1 + 1, then λp,qd1,d2(Prn ) = (n − 1)p.
(2) If rd1 + 2 ≤ n ≤ m(rd1 + 1), then λp,qd1,d2(Prn ) = rd1 p +
⌊
n−1
rd1+1
⌋
q.
(3) If n ≥ M(rd1 + 1)+ 1, then λp,qd1,d2(Prn ) = rlq, where l = min{n − 1, d2}.
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Chang et al. [1] gave a formula for the number λd(Prn ). Their result has a little mistake. By Theorem 17, we can
give the correct result as
Theorem 20. If d ≥ 2, then
λd(P
r
n ) =

(n − 1)d, if 1 ≤ n ≤ r + 1;
rd +
⌊
n − 1
r + 1
⌋
, if r + 2 ≤ n ≤ n′;
rd +min{d, r + 1}, if n ≥ n′ + 1,
where n′ = min{d, r + 1}(r + 1).
4. The L(d1, d2; p, q)-labeling numbers of Cartesian product of two paths
Given two graphs G and H , the Cartesian product of these two graphs, denoted by G × H , is a graph with
V (G × H) = V (G)× V (H) and E(G × H) = {(u, x)(v, y) | (u = v and xy ∈ E(H)) or (x = y and uv ∈ E(G))}.
Georges and Mauro [3] first studied the L(1, 2; p, q)-labeling problem of Pm × Pn with m, n ≥ 5 and gave the
following results.
Theorem 21 ([3]). Let m, n ≥ 5.
(i) For q ≤ p ≤ 3q, 2p + 2q ≤ λp,q(Pm × Pn) ≤ 2p + 3q − 1.
(ii) For 3q < p < 4q, λp,q(Pm × Pn) = 2p + 2q.
(iii) For p ≥ 4q, λp,q(Pm × Pn) = p + 6q.
Theorem 22 ([3]). Let m, n ≥ 5. If p ≤ 4q and pq is an integer, then λp,q(Pm × Pn) = 2p + 2q.
Theorem 23 ([3]). If m, n ≥ 2p + 3 with 2 ≤ p ≤ 5, then
λp,q(Pm × Pn) =
{
2p + 4, if p is even;
2p + 5, if p is odd.
Consider the graph P∞ × P∞ defined as V (G) = {(i, j) | i, j ∈ Z}, E(G) = {(i, j) (k, l) | |i − k| + | j − l| = 1}.
Recall that for any graph, a d-set of G is a set S ⊆ V (G) that satisfies d(u, v) ≤ d for all u, v ∈ S, and
nd(G) = maxS is a d-set of G |S|. For the graph P∞ × P∞, we have
Proposition 24. nd(P∞ × P∞) =
⌊
d2
2
⌋
+ d + 1.
Proof. If d is even, consider the set S = {(u, v) | d ((u, v) , (0, 0)) ≤ d2 }, then S is a d-set and |S| = 4|{(x, y) | x ≥
0, y ≥ 0, x + y ≤ d2 }| − 4( d2 + 1) + 1 = 4[ 12 (( d2 + 1)2 − ( d2 + 1)) + ( d2 + 1)] − 4( d2 + 1) + 1 = d
2
2 + d + 1. If d
is odd, consider the set S = {(u, v) | d ((u, v) , (0, 0)) ≤ d+12 , v > 0}
⋃{(u, v) | d ((u, v) , (0, 0)) ≤ d−12 , v ≤ 0},
then S is a d-set and |S| = 2|{(x, y) | x > 0, y > 0, x + y ≤ d+12 }| + 2|{(x, y) | x < 0, y < 0, |x | + |y| ≤
d−1
2 }| + 2d = 2|{(x, y) | 0 < x ≤ d−12 , 0 < y ≤ d−12 }| + 2d = 2( d−12 )2 + 2d = d
2
2 + d + 12 . Hence in any case,
nd(P∞ × P∞) ≥
⌊
d2
2
⌋
+ d + 1.
To prove the upper bound, let S be a maximal (in the sense of inclusion) d-set. Without loss of generality we may
assume that 0 is the smallest and n (n ≤ d) the largest x-coordinate among points of S. Let ai , i = 0, 1, . . . , n, denote
the number of points in S with x-coordinate being equal to i . Since S is maximal, ai ≥ 1 for each i ∈ {0, . . . , n}.
Note that because S is a d-set, ai+a j2 + | j − i | ≤ d + 1 for any i, j ∈ {0, . . . , n}. Therefore,
2|S| = (a0 + a1 + · · · + an)+ (an + an−1 + · · · + a0)
=
n∑
i=0
(ai + an−i )
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≤
n∑
i=0
(2d + 2− 2|n − 2i |)
= 2(n + 1)(d + 1)− 2
n∑
i=0
|n − 2i |.
Since
∑n
i=0 |n−2i | = (n+1)
2
2 when n is odd and
∑n
i=0 |n−2i | = n(n+2)2 when n is even, |S| ≤ (n+1)(d+1)− n(n+2)2 =
− 12n2 + nd + d + 1 for every n. Since the function f (x) = − 12 x2 + xd + d + 1 has a global maximum at x = d,
|S| ≤
⌊
d2
2
+ d + 1
⌋
=
⌊
d2
2
⌋
+ d + 1. 
Theorem 25. λp,qd1,d2(P∞ × P∞) ≤ [a(d1 + 1)+ d1](p + q)+ kq, where a = max{d1, d2 − d1 − 1}, k =
⌊
d2
d1+1
⌋
.
Proof. Define a labeling f of P∞ × P∞ as
f (vi, j ) =

[( j − 1) mod (d1 + 1)](p + q)+
⌊
j − 1
d1 + 1
⌋
q + [(i − 1) mod (a + 1)](d1 + 1)(p + q),
if 1 ≤ j ≤ (d1 + 1)(k + 1),
⌊
i − 1
a + 1
⌋
is even;
f (vi,[( j−1) mod (d1+1)(k+1)]+1), if j ≥ (d1 + 1)(k + 1)+ 1,
⌊
i − 1
a + 1
⌋
is even;
f (v[(i−1) mod (a+1)]+1, j+(d1+1)), if
⌊
i − 1
a + 1
⌋
is odd.
It is easy to check that f is an L(d1, d2; p, q)-labeling of P∞× P∞. Hence λp,qd1,d2(P∞× P∞) ≤ f λ
p,q
d1,d2
(P∞× P∞) =
[a(d1 + 1)+ d1](p + q)+ kq , where a = max{d1, d2 − d1 − 1}, k =
⌊
d2
d1+1
⌋
. 
By Theorem 12, Proposition 24, and Theorem 25, we have
Corollary 26. If min{m, n} ≥ 2d2, then
max {b, c} ≤ λp,qd1,d2(Pm × Pn) ≤ [a(d1 + 1)+ d1](p + q)+ kq,
where b =
[⌊
d21
2
⌋
+ d1
]
p, c =
[⌊
d22
2
⌋
+ d2
]
q, a = max{d1, d2 − d1 − 1}, k =
⌊
d2
d1+1
⌋
.
We can give a better upper bound for λp,qd1,d2(Pm × Pn) if d1, d2 satisfy special conditions. For the sake of
simplicity, we define g(c) = c +
⌊
cd1
d2
⌋
+ min{(cd1) mod d2, d2 + 1 − (cd1) mod d2}, and define h(c) =
c +
⌊
cd1+1
d2
⌋
+min{(cd1 + 1) mod d2, d2 + 1− [(cd1 + 1) mod d2]}.
Lemma 27. g(d2) ≥ d2 + 1. And if d2 ≥ d1(d1 − 1)+ 1, then g(c) ≥ d1 + 1 for all 1 ≤ c ≤ d1.
Proof. Clearly, g(d2) ≥ d2 + 1 and g(d1) ≥ d1 + 1. For all c with 1 ≤ c ≤ d1 − 1, if d2 ≥ 2cd1 − 1, then g(c) ≥
c+cd1 ≥ d1+1. And if d1(d1−1)+1 ≤ d2 < 2cd1−1, then g(c) ≥ c+d2+1−cd1 ≥ (d1−c)(d1−1)+2 ≥ d1+1.
Hence g(c) ≥ d1 + 1 for all 1 ≤ c ≤ d1. 
Theorem 28. Suppose g(c) ≥ d1+1 for all 1 ≤ c ≤ d1, and there exists a positive integer c1, such that c1 ≤
⌊
p
q
⌋
+1
and g(c1) ≥ d2 + 1. Then
λ
p,q
d1,d2
(Pm × Pn) ≤ (d1 + d2 − 1)(p + q)+ (c1 − 1)q.
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Proof. Let c1 be a positive integer that satisfies c1 ≤
⌊
p
q
⌋
+ 1 and g(c1) ≥ d2 + 1. Define a labeling f by
f (vi, j ) =
[(i − 1) mod (d1 + d2)](p + q)+
(⌊
i − 1
d1 + d2
⌋
mod c1
)
q, if j = 1;
f (vi+[(c1−1)(d1+d2)+d1]( j−1),1), if j ≥ 2.
Then it is easy to see that f is an L(d1, d2; p, q)-labeling of Pm × Pn . Moreover, maxi, j f (vi, j ) ≤ (d1+ d2− 1)(p+
q)+ (c1 − 1)q = f (vc1(d1+d2),1). Hence λp,qd1,d2(Pm × Pn) ≤ (d1 + d2 − 1)(p + q)+ (c1 − 1)q. 
Corollary 29. If d2 ≥ d1(d1− 1)+ 1 and p ≥ (d2− 1)q, then λp,qd1,d2(Pm × Pn) ≤ (d1+ d2− 1)(p+ q)+ (d2− 1)q.
In the following, we let c˜ be the smallest positive integer such that c˜ ≤
⌊
p
q
⌋
+ 1 and g(c˜) ≥ d2 + 1. We give the
exact value of c˜ for d1 = 1 and
⌊
d2
2
⌋
≤
⌊
p
q
⌋
.
Theorem 30. If d1 = 1 and
⌊
d2
2
⌋
≤
⌊
p
q
⌋
, then c˜ =
⌊
d2
2
⌋
+ 1. Therefore, λp,q1,d2(Pm × Pn) ≤ d2(p + q)+
⌊
d2
2
⌋
q.
Proof. If 1 ≤ c ≤
⌊
d2
2
⌋
, then c+
⌊
c
d2
⌋
+ (c mod d2) = 2c ≤ d2. Hence c˜ ≥
⌊
d2
2
⌋
+ 1. Since g(
⌊
d2
2
⌋
+ 1) ≥ d2+ 1,
c˜ =
⌊
d2
2
⌋
+ 1. Therefore, by Theorem 28, λp,q1,d2(Pm × Pn) ≤ d2(p + q)+
⌊
d2
2
⌋
q. 
Theorem 31. Suppose h(c) ≥ d1 + 1 for all 1 ≤ c ≤ d1, and there exists a positive integer c2, such that c2 ≤
⌊
p
q
⌋
and h(c2) ≥ d2 + 1. Then λp,qd1,d2(Pm × Pn) ≤ (d1 + d2)p.
Proof. Let c2 be a positive integer that satisfies c2 ≤
⌊
p
q
⌋
and h(c2) ≥ d2 + 1. Define a labeling f by
f (vi, j ) =

[(i − 1) mod (d1 + d2)]p +
(
c2 −
⌊
i − 1
d1 + d2
⌋)
q, if j = 1 and 1 ≤ i ≤ (c2 + 1)(d1 + d2);
(d1 + d2)p, if j = 1 and i = (c2 + 1)(d1 + d2)+ 1;
f (v{(i−1) mod [(c2+1)(d1+d2)+1]}+1), if j = 1 and i ≥ (c2 + 1)(d1 + d2)+ 2;
f (vi+[(c2−1)(d1+d2)+d1+1]( j−1),1), if j ≥ 2.
Then, it is easy to verify that f is an L(d1, d2; p, q)-labeling of Pm × Pn . Moreover, maxi, j f (vi, j ) ≤ (d1 + d2)p =
f (v(c2+1)(d1+d2)+1,1). Hence λ
p,q
d1,d2
(Pm × Pn) ≤ (d2 + d2)p. 
Note that the labeling number is independent of the choice of c2. Similarly as in Lemma 27, the two conditions of
the theorem above can be satisfied.
Theorem 32. h(d2) ≥ d2 + 1. And if d2 ≥ d1(d1 − 1)+ 2, then h(c) ≥ d1 + 1 for all 1 ≤ c ≤ d1.
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